The topology of an object describes global properties that are insensitive to local perturbations. Classic examples include string knots and the genus (number of handles) of a surface: no manipulation of a closed string short of cutting it changes its "knottedness"; and no deformation of a closed surface, short of puncturing it, changes how many handles it has. Topology has recently become an intense focus of condensed matter physics, where it arises in the context of the quantum Hall effect [1] and topological insulators [2]. In each case, topology is defined through invariants of the material's bulk [3][4][5], but experimentally measured through chiral/helical properties of the material's edges. In this work we measure topological invariants of a quantum Hall material through local response of the bulk : treating the material as a many-port circulator enables direct measurement of the Chern number as the spatial winding of the circulator phase; excess density accumulation near spatial curvature quantifies the curvature-analog of charge known as mean orbital spin, while the moment of inertia of this excess density reflects the chiral central charge. We observe that the topological invariants converge to their global values when probed over a few magnetic lengths lB, consistent with intuition that the bulk/edge distinction exists only for samples larger than a few lB. By performing these experiments in photonic Landau levels of a twisted resonator [6], we apply quantum-optics tools to topological matter. Combined with developments in Rydberg-mediated interactions between resonator photons [7], this work augurs an era of precision characterization of topological matter in strongly correlated fluids of light.
Topological phases of matter, which cannot be characterized by the spontaneous breaking of a local symmetry, have revolutionized modern condensed matter physics and materials science [8, 9] . Such phases are so named because they possess global invariants which are insensitive to material imperfections. These invariants have found applications from the redefinition of the unit of electrical resistance to error-resilient spintronics [10] and quantum computation [11] .
Constructed as integrals of a "curvature" over a closed parameter space, these invariants are each defined as a global property resulting from the integral of a local property, akin to the relationship between the (local) Gaussian curvature of a surface and the (global) Euler characteristic which determines the number of handles of the surface. In the integer quantum Hall effect, integration of the Berry curvature over the Brillouin zone (momentum space) defines an invariant called the first Chern number [3, 12] . Two additional topological invariants, the mean orbital spin and central charge, are defined similarly to the Chern number, but over even more abstract parameter spaces [13, 14] [15] [16] .
Understanding the physical significance of the invariants characterizing topological matter remains a challenge. What is known is that each topological invariant is connected to a family of physical phenomena. In quantum Hall materials, the transverse (Hall) conductance is an experimentally quantized invariant, corresponding in the integer quantum Hall case to the Chern number [3, 12] [17]. Explorations of synthetic quantum matter composed of ultracold atoms has resulted in new experimental observables connected to the Berry curvature [18] [19] [20] [21] , the anomalous velocity [22] , and quantized charge transport in a Thouless pump [23] [24] [25] ; amazingly, all of these observations relate directly back to the Chern number, and each teaches us something different about its fundamental character in determining material properties. Meanwhile, understanding the physical significance of the mean orbital spin and central charge has remained challenging because the transport coefficients they impact are notoriously difficult to measure [26] .
Observing phenomena associated with new topological invariants is as provocative as it is useful; such manifestations provide deep insight into the significance of otherwise opaque quantum numbers, and are real-world tools that characterize topological matter. Photonic topological materials offer especially promising routes to new experimental probes of topological invariants [27] [28] [29] [30] [31] [32] , as they offer the time-, energy-, position-, and momentumresolved control available in cold-atom experiments [18-22, 24, 25, 33, 34] , plus spectroscopic tools unique to electromagnetic systems [27, 35, 36] .
In a prior work [6] we demonstrated photonic Landau levels in curved space; this platform provides us new tools including (1) spatially-arbitrary excitation via holographic beam shaping, and (2) a conical singularity of spatial curvature that perturbs the Landau levels. In this work, we introduce (3) complex-valued tunneling spectroscopy using holographic reconstruction of the system response to access topological invariants through spatially localized observables: harnessing a holographic re- it is most simply understood as a manybody phase-accumulation in response to a "Dehn twist" of the torus on which a fluid resides, and most directly measured through (e) the thermal Hall conductance, where the heat flow, ∂tQ, is perpendicular to a temperature gradient. (f-h) In our system, we measure all three topological invariants through newly accessible observables.
(f ) Working in flat space away from the cone apex, we measure a bulk chiral phase response (Fig. 3) , to extract the Chern number (Fig. 4) . (g) We measure the accumulation of particles at the cone apex and (h) associated orbital angular momentum (via the moment of inertia of the apex density), to extract the mean orbital spin and central charge (Fig. 5 ).
construction of the band projector, we measure the Chern number [11, 35] ; using the conical defect in the photonic Landau level, we measure the mean orbital spin and the central charge through the "gravitational response": the amount of density build-up, and its structure, at a singularity of spatial curvature.
We begin with a brief description of the local character of these topological invariants, connecting them to new observables. We then describe our measurement of the Chern number via a quantized bulk chiral phase response, and measurements of the mean orbital spin and chiral central charge from precision measurements of density oscillations near singularities of spatial curvature and magnetic flux. Finally, we conclude with a brief discussion of extensions of this work to interacting quantum Hall materials.
NEW PROBES OF TOPOLOGY
While the Chern number C is traditionally defined as an integral over the Brillioun zone [3] , the "bulk boundary correspondence" connects a non-zero C to robust chiral edge channels that extend around the boundary of the material [37] ; indeed the presence of these channels is often taken as proof that the bulk is topological [28, 29, 31, 38] . Accordingly, a conceptually simple local measure of the bulk Chern number results from cutting the system down to a patch a few magnetic lengths across and surrounding it with vacuum. The number and chirality of these edge modes directly reflects the Chern number.
In practice, it is challenging to cut the system; Kitaev proposed a recipe to extract equivalent information from triple-products of spatial projectors onto a spectrally isolated band [39] . We implement this approach using spatially-resolved complex-valued tunneling spectroscopy of a patch within the bulk of the lowest Landau level, thereby measuring a non-zero Chern number [35] . Holographic beam shaping allows injection of arbitrary light fields into our photonic quantum Hall system, while heterodyne imaging of the cavity leakage field enables full complex-valued electric-field reconstruction of the system's response. (a) A 780 nm laser field is directed onto a digital micromirror device (DMD, green) and diffraction off of the DMD's hologram is directed into the non-planar resonator. Light leaking from the cavity through one of its mirrors is split on a 50:50 beamsplitter and directed to a photodiode (blue), and camera (purple) that images the transverse plane at the waist of the cavity (green grid). A few percent of the initial input light forms a reference beam that is also directed onto the camera but at a significant angle relative to the resonator output to enable heterodyne imaging akin to optical holography. (b) The plane wave reference beam interferes with the cavity output to produce an image (left) where the fringe contrast provides field amplitude information, and fringe position provides field phase information. This information is extracted from the images via a filtering scheme in momentum space (see SI C), providing the cavity mode electric field profile (right). (c) The projectors used to extract the Chern number are measured by injecting a (magnetically) translated Gaussian beam and integrating (via long camera exposure) the heterodyned cavity response while sweeping the laser frequency across the Landau level. This procedure is robust to potential disorder that broadens the Landau level so long as the disorder is not strong enough substantially admix other Landau levels. To demonstrate this robustness we apply weak harmonic confinement: the individual eigenmodes are then Laguerre-Gaussian rings (small boxes & gray trace); a displaced Gaussian beam has significant overlap with only a few of these modes (red trace), but integrating across the relevant frequency band (pink) yields a localized response (pink box) from which we extract the projector; this is because the holographic reconstruction effectively integrates the complex electric field leaking from the cavity, rather than its intensity, resulting in constructive interference of the various modes along the vertical dashed lines, and destructive interference along the diagonal lines (see SI C). This field-integration is insensitive to potential disorder that broadens the band.
Two additional topological invariants appear in quantum Hall physics: the mean orbital spins is a bulk invariant quantifying a particle's magnetic-like coupling to curvature and is related to the Hall viscosity and WenZee shift; the chiral central charge, c, also known as the gravitational anomaly, is equal to the total number of edge modes (neutral and charged) in integer quantum Hall and Laughlin states and gives rise to the thermal Hall conductance [14, 40, 41 ] (see Fig. 1 ). To date, these invariants have been understood in terms of gedanken experiments requiring topological gymnastics, and measured through their connection to exotic transport coefficients. We are able to access them because they govern the coupling of several local observables, namely particleand angular-momentum-densities, to spatial curvature.
More formally, the bulk of any quantum Hall system may be described by the generic low-energy effective action W (B, R) = f (B, R; ν,s, c) [42, 43] , where B(x, y) is the magnetic field and R(x, y) is the spatial (Ricci) curvature. ν e 2 h = σ H is the Hall conductance, which specifies the current induced perpendicular to an applied electric field and is precisely quantized in the famous plateaus of the integer and fractional quantum Hall effects; for integer quantum Hall physics, ν is equal to the Chern number C. The mean orbital spin and central charge complete the triplet of topological invariants that appear in quantum Hall systems. These five quantities fully specify the effective action, whose derivatives are physical observables such as densities and transport coefficients.
From this effective action, it can be shown that the curvature localized at a cone tip produces a localized density response that depends sensitively upon both the mean orbital spin [42] and central charge (see SI G).
ELECTROMAGNETIC RESPONSE
To extract the Chern number we measure a quantized bulk chiral response [39, 44] (Fig. 1f) . Particles inhabiting multiple Landau levels display cyclotron orbits creat- A 2D system with a perpendicular applied magnetic field forms a bulk insulator because particles far from system edges undergo cyclotron orbits rather than linear motion. Associated with these bulk orbits are counter-orbiting ("skipping") edge-trajectories. Existence of these topologically-protected 1D chiral edge channels is often the simplest-to-detect signature of a topological bulk. (b) Direct measurement of bulk topology requires a disorder-insensitive probe of bulk chiral non-reciprocity. We split the bulk into three adjacent but otherwise arbitrary regions and sum, for all sets of three points α, β, γ with one selected from each region, the non-reciprocity of the transmission amplitude α → β → γ vs γ → β → α. (c) To employ this approach to measure the Chern invariant, we inject a TEM00 (bottom left) magnetically displaced to points α, β, γ spaced by less than a magnetic length (in the first quadrant, to avoid the cone tip). Measuring the Chern Number. The sole length scale for physics in the lowest Landau level is the magnetic length, lB, so it is reasonable to expect that the Chern number will converge once the measurement area extends beyond this scale. Indeed, as the sum in Eqn. 1 is taken out to larger radii on a grid as in Fig. 3 , the measured Chern number data (red points) rapidly converges to one, in agreement with firstprinciples theory (gray curve) with no adjustable parameters. Errorbars are calculated from the standard deviation from 10 repetitions of the experiment and are all smaller than the points; a typical 1σ errorbar of ±0.02 is plotted in place of the penultimate point. (inset) The Chern number is invariant to distortions of the boundaries between the three summation regions, even when the three regions approach each other at a second location.
ing a bulk circulating current. While particles in a single Landau level do not undergo cyclotron orbits, they still accrue a chiral (Aharanov-Bohm) phase when forced to travel in a closed path (Fig. 3a) . While this chiral phase is not apparent from the momentum-space definition of the Chern number [3, 45] , it is highlighted by an alternate expression [39] :
α∈A,β∈B,γ∈C
(1) where the area probed is split spatially into thirds labeled A, B, and C, as shown in Fig. 3b and the band projector P µ α,β = x β | j∈µ |j j| |x α maps eigenstates |j residing in band µ to themselves and all other eigenstates to zero. Intuitively, this means injecting a tiny probe (transverse size l B ) [46] [47] |x α at some desired location x α = (x α , y α ) and energy-integrating the resulting complex cavity response (leakage field) at another location x β = (x β , y β ) across the band/Landau level [35] (see Fig. 2c and SI D); for a Landau level/Chern band, this response is exponentially localized with a characteristic scale l B /magnetic unit cell respectively.
We may then assemble triple products of these complex responses into a measurement of C µ from what are essentially chirality measurements: for any triplet of points (x α , x β , x γ ), the first term P µ α,β P µ β,γ P µ γ,α measures particle current in a trajectory with one handedness, x α → x β → x γ → x α , while the second term measures the reverse trajectory. In magnitude, the currents are equal; however, due to the vector potential providing an Aharanov-Bohm phase for particles traversing in a closed loop, their phases are opposite. Each term in the sum is then the net non-reciprocity for that trajectory, and summing over all possible trajectories provides the Chern number (Fig. 3b-d) .
We experimentally implement this protocol using a digital micromirror device (DMD) to excite each |x α on a chosen grid (Fig. 2a) . Holographic reconstruction of the transmitted resonator electric field (Fig. 2a,b) while sweeping the excitation laser frequency across the Landau level then provides matrix elements of the band projector P µ α,β from x α to all x β (Fig. 2c) . We obtain all projector matrix elements are obtained by iterating the excitation location over all points on the chosen grid, and the Chern number is then computed via Eqn. (1).
The terms in the sum of Eqn.
(1) fall off rapidly as the points x α , x β , and x γ stray from one another since
2 B , so the dominant contributions to the sum come from trios of points near the meeting point(s) of the three sectors: the contribution from terms that contain any point several magnetic lengths away from the center is negligible. Accordingly, the sum in Eqn (1) can be easily truncated, as is apparent in Fig.  4 , where the Chern number is evaluated as the radius of the circular summation region is increased. Beyond a total enclosed flux of ∼ 4 Φ 0 , the Chern number saturates to C = 1.00(2). Eqn. (1) may thus be considered a spatially localized definition of the Chern number, in the sense that an independent measurement may be made by choosing a different center of the sectors.
The quantity so-measured is indeed an invariant, highly robust to imperfections in both the the Landau level and the measurement apparatus: nanoscopic mirror imperfections give rise to a disorder potential that weakly couples modes within the Landau level, and the excitation locations deviate from a perfect grid by ∼ 20% (Fig. 3c ), yet the Chern number converges smoothly to 1 (Fig. 4) . In Fig. 4 , inset, we intentionally distort the summation regions to produce a second, off-center location where all three regions approach each other (as this is where the triple-product of projectors may be largest). While the summation region must now fully enclose this new "defect" before the sum converges, the Chern number remains invariant to this distortion.
GRAVITATIONAL RESPONSE
The response of a quantum Hall fluid to manifold curvature is controlled by two topological invariants, the mean orbital spin and the central charge, specific to the particular Hall state under consideration. Our platform, consisting of Landau levels on a cone with additional flux of Φ B = −2πa/3, a = 0, 1, or 2 threaded through the tip, provides an idealized source of manifold curvature localized precisely at the cone tip. In what follows, we connect variations in the Local spatial Density of States (LDOS) at this curvature singularity directly to the mean orbital spin and central charge (see SI G):
In flat space the LDOS of a Hall fluid is uniform, providing few signatures of the fluid's properties; in curved space, however, the LDOS displays oscillations about its flat-space background that depend on the local curvature and threaded flux, a : the excess particle number localized to the cone tip, defined as the spatial integral of the excess density there, directly reflects the mean orbital spin (Fig. 1g) , while the width of this excess particle density reflects the orbital angular momentum attached to the curvature singularity, and thus the central charge (Fig. 1h) . Technical improvements in the apparatus since prior lowest Landau level LDOS experiments of [6] (see SI B) enable undistorted, high-precision access to these LDOS oscillations, thereby extending measurements of the mean orbital spin to excited Landau levels where the invariant takes on new values, expected to obeȳ s n = n + 1 2 , where n = 0, 1, 2, ... specifies the lowest, first excited, and second excited Landau levels. This further provides a new and independent probe of the mean orbital spin and, most importantly, permits measurements verifying that the central charge, c = 1 in all Landau levels [42, 48, 49] .
In Fig. 5 , we present the LDOS of lowest, first excited, and second excited Landau levels on three cones differentiated by effective magnetic flux threading the cone tip, following the same procedure as in [6] . Near the cone tip, we observe characteristic oscillations LDOS radial profile ρ(r), which settles to a uniform background level by r ∼ 4l B . At large radii, the LDOS drops to zero only because a finite number of single particle states were included, the number being limited by the size of the DMD used for mode injection. The background level is equal for all nine LDOS measurements (see SI F), and their average is used to define the background local state density ρ 0 for all measurements. We then compute the total excess particle number, δN = (ρ(r) − ρ 0 ) d 2 r, and a measure of the excess density's width, the shifted second moment, ∆M 2 = (ρ(r) − ρ 0 ) r 2 /2 − (2n + 1) d 2 r. These quantities then provide the mean orbital spin and central charge (as the primary theoretical result of this article, see SI G and H) From the excess particle number, we measure the mean orbital spin and average the result over flux threading in the lowest three Landau levels, findings = {0.47(3), 1.47(3), 2.45(3)} for n = 0, 1, and 2, respectively. We can also use measurements of ∆M 2 to extract the mean orbital spin, as the linear component of the dependence of ∆M 2 on the flux a is exactly (s − n)a (See SI G). This provides a significantly more precise determination ofs = {0.496(4), 1.504(3), 2.505(68)}. We then use these measurements ofs along with measurements of ∆M 2 to calculate the central charge in each Landau level, finding c = {1.0(1), 1.3(1), 1.7(4)}. While the precision of the central charge measurement drops in higher Landau levels due to finite field of view and increased sensitivity to error in the mean orbital spin, all mean orbital spin measurements and the lowest Landau level central charge measurement are in agreement with theoretical expectations for the integer quantum Hall fluid. A quantum Hall fluid's response to spatial curvature is governed by two additional topological invariants, the mean orbital spin and central charge. Injecting, imaging, and summing several (∼ 10) single particle states provides high-precision measurements of the local state density in nine different Landau levels (red images), from which azimuthally averaged radial profiles are extracted (black curves). These data display the characteristic local density oscillations at the cone tip; a region of uniform density at larger radii; and a smooth decrease to zero due to the finite number of states measured. The uniform density region is averaged over all levels to define a background density from which excess local state density (red filling) may be defined. For each Landau level, the excess local state density near the cone tip is integrated to measure the total excess state number, δN , from which the mean orbital spin,s, is extracted. The shifted second moment, ∆M2, (see text) is also computed, which then provides a higher-precision measurement of the mean orbital spin as well as the central charge, c. We benchmark the connection between these topological invariants and the local density oscillations by performing the same experiment in nine situations: the lowest (LLL), first excited (1LL), and second excited (2LL) Landau levels on a cone with three possible values of magnetic flux threading its apex (left to right, flux specified at top). The errorbars ins and c arise from averaging over flux threading and systematic uncertainty in the upper bound of the integration region for moment analyses.
OUTLOOK
In this work we have developed and measured local observables that characterize bulk invariants of topological materials. Our approach elucidates the physical significance of these invariants and relaxes the non-physical sensitivity of the standard definitions to experimental imperfections like disorder. Indeed, the TKNN formulation of the Chern number assumes discrete translational symmetry [3] .
While Hall conductance, mean orbital spin, and central charge do not fully characterize a generic quantum Hall state, they often provide sufficient information to distinguish between candidate phases in the lab. In the case of the electronic ν = 5/2 fractional quantum Hall plateau, a measurement of either the mean orbital spin or central charge would suffice to choose amongst the more-than nine candidate states [50] . The photonic analog is bosonic, so similar physics is expected at ν = 1, permitting the exploration of and differentiation between Pfaffian and parafermion states [51, 52] .
Exploring such interacting topological phases of photons [53] will require combining Landau levels of light in twisted resonators [6] with Rydberg-mediated interactions between photons [7, 54] . Such phases may be assembled particle-by-particle [55] [56] [57] or by dissipative stabilization [58, 59] ; in either case, measurement of the gravitational response will be an essential tool for characterization of the resulting topological phase [60] . Furthermore, extension of the bulk circulation measurement to the strongly interacting regime has the potential to permit direct observation of anyon braiding statistics. 0323 for analysis.
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The authors declare no competing financial interests. Correspondence and requests for materials should be addressed to J.S. (simonjon@uchicago.edu) The experimental resonator consists of four 100 mm radius-of-curvature high reflectivity mirrors coated for both 780 nm and 1560 nm mounted in two steel structures which define a stretched-tetrahedral resonator geometry characterized by an axial length of 5.1 cm and an opening half-angle of 10
• . The two steel mounts are aligned via rods, and a micrometer stage controls the relative separation. This permits smooth length adjustment to tune the resonator to degeneracy. One mirror is mounted on a piezoelectric transducer, which permits stabilizing the cavity length via PI feedback based on a Pound-Drever-Hall error signal generated by the reflection 1560 nm light off a resonator mirror.
To excite the resonator with light with arbitrary amplitude and phase profiles, we shine 780 nm narrowband laser light onto computer generated holograms produced by a phase-corrected digital micro-mirror device (DMD), and we direct the resulting diffracted light into the resonator. We then extract the full amplitude and phase information of the transmitted resonator field by interference with a reference beam (See SI C).
We employ the DMD as a generalized scanning tunneling microscope, enabling us to inject light with arbitrary position, momentum, or angular momentum. Remarkably, the holographic reconstruction technique allows us to measure the (spatially localized) band projectors even when disorder or harmonic confinement breaks the degeneracy between the modes in the Landau level; it is only necessary that the probe sweep across the band of states in the Landau level, and that the resulting resonator response be interfered with the reference beam before "integration" of the intensity on an camera. At each laser-frequency in the sweep, the resonator response will be a ring carrying orbital angular momentum; these rings interfere can interfere with one another, even if they arrive on the camera at different times, because the interference with the heterodyne beam converts phase to intensity, resulting in the desired localized mode (Fig.  2c) .
FIG. 6. Resonator Imaging Comparison.
The local density of states in the second excited Landau level with effective magnetic flux ΦB/2π = −2/3 threading the cone tip highlights improvements in resonator design. The previous resonator used in [6] (left), displays significant diagonal astigmatism, which has been removed in the current work (right). The imaging system is also improved, and the total number of modes accessed has been increased, providing a more precise determination of the background density.
Supplement B: Apparatus Improvements
The current apparatus is based on that used in our previous work [6] . We rebuilt the experimental resonator with a new mirrors, mirror mounts, and in a new configuration. The resonator housing is now steel rather than plastic, and the resonator length is stabilized with a Pound-Drever-Hall error signal controlling proportionalintegral feedback circuitry which actuates a piezo stack glued to a mirror. This enables the precise control of the probe laser detuning from the resonator resonance necessary for the measurement of local projectors. We image the transverse plane of the resonator by collecting light transmitted through one of the mirrors. In passing through the glass substrate of a curved mirror at significant non-normal incidence, the light is defocused by an effective cylindrical lens. This appears as an artificial breaking of rotational symmetry in the resonator modes and had previously limited LDOS measurements. In particular, it made measurements of the second moment impossible, since unlike the integrated excess density, the second moment is not invariant to astigmatic distortion. Both increasing the mirror radii of curvature from two at 25 mm and two at 50 mm to all four at 100 mm and reducing the non-planar opening half-angle from 16
• to 10
• serve to reduce the effect of this aberration (see Fig.  6 ).
Supplement C: Holographic Measurement of Electric Field
Heterodyne imaging provides a phase reference for the cavity output field, allowing the extraction of not just amplitude but also phase information. The heterodyne image appears similar to an image of just the cavity output except with the addition of high frequency fringes. Much like RF modulation spectroscopy, a low noise, high quality image of the original field may be obtained by an appropriately chosen "demodulation" scheme, depicted in Fig. 7 .
The heterodyne image is given in term of the cavity mode electric field, E c (x), and the heterodyne field,
ik·x , by
where E h (x) is a slowly varying function. After subtracting off a heterodyne beam background image |E h (x)| 2 and a cavity mode image |E c (x)| 2 , the signal is given by
Extracting just one component of this via Fourier space filtering then yields
where the final proportionality follows assuming the heterodyne beam was a clean plane wave with negligible variation across the cavity mode. That the demodulated signal is proportional to the square root of the intensity of the heterodyne beam indicates the suitability of this technique to the measurement of very low cavity field amplitudes, requiring in that case a camera with high dynamic range. It is also worth noting that the subtraction of the individual heterodyne and cavity mode images is, in practice, often not necessary. To improve spatial resolution of the phase measurement, it is advantageous to make the heterodyne beam produce short wavelength fringes with a period approaching √ 2a, where a is the pixel size and the direction of the fringes is at 45
• to the pixel axes. This also ensures that the modulated electric field is maximally separated from slowly spatially varying "DC" backgrounds. As long as the cavity modes imaged onto the camera cover many pixels, the cavity mode background |E c (x)| 2 will appear as a slowly varying DC background. By assumption, the same holds of the heterodyne beam, so both the cavity mode and heterodyne backgrounds will be removed by the Fourier space masking (Fig. 7c,d ). The definition of the projector onto a band µ is P µ ≡ j in µ |j j| for |j in an orthonormal basis. From this it follows that (P µ ) 2 = P µ .
We can then define matrix elements of the projector between localized modes injecting at |x and measuring at |y as P µ (x, y) ≡ y|P µ |x . From this definition and (P µ ) 2 = P µ , it follows that
This expression forms the normalization criterion for measured matrix elements of the projector.
Measuring the projector from the cavity response
We wish to measure the projector onto a Landau level by measuring some response function of the cavity to some probe. Here, we show that matrix element of the projector between two points x and y is equal to the value of the electric field at y of the cavity response to an excitation at x.
We suppose that the cavity has a Hamiltonian, H, with or without interactions, and which has complex eigenvalues ε j ≡ ω j + i 2 Γ j . Following [35], we perform first order non-Hermitian perturbation theory to find the response of the cavity to some excitation. It is worth noting that this perturbative approach is exact for linear systems such as the one described in the main text.
A weak probe of frequency ω exciting a location x is described by an operatorṼ x applied to the vacuum state |0 . The transmitted cavity field is then given by
The value of this field at y is then y|ψ . When we integrate across the band of interest, the response φ is then
We now evaluate the integral. In practice we do not integrate over all frequencies, so we specify the limits of integration to cover a range centered at some frequency ω 0 with range Ω. Since this integral must be taken for each term in the sum, we therefore write
where δ j ≡ ω 0 − ω j are the individual eigenstates' detunings from ω 0 . In the last step we have performed a Taylor expansion in
since we assume we sweep over a range large compared to the the individual resonances' widths and detunings from ω 0 . The zeroth order term in φ directly provides the projector P µ (x, y) so long as the integration completely covers the band µ while avoiding all other states, while the first order term allows to estimate our error from finite and off-center integration over frequency.
Normalization of the measured projector
A given heterodyne image provides the electric field everywhere in the transverse plane of the cavity given a particular input location. Taking an entire scan over input locations can take ∼ 10 minutes, so there could be significant drifts in the experimental apparatus between two images taken at the beginning and end of a run. This is particularly important to consider since each term in the Chern number sum compares the response of the cavity to three often well separated injection locations. As such we consider measurements of the projector matrix elements, p µ (x, y), which contain imperfections that are constant within an image, but vary between images:
. Imposing Eqn. (D1) then determines the normalization factor.
where z * indicates the complex conjugate of z.
Supplement E: Comparison to Fully Degenerate Cavities
Our measurement of the Chern number works because the number of modes in the lowest Landau level, like in a discrete system, is proportional to the area, and there is a smallest feature size (set by the magnetic length) which defines a "unit cell". This latter fact is reflected in the unusual commutator [X,Ŷ ] = il 2 B , whereX andŶ are the coordinates of the center of semi-classical cyclotron orbits/Landau-level projected coordinates [62, 63] .
A similar Chern number measurement could be made in a resonator with all transverse modes degenerate; the cavity response would then always be determined by the size of the DMD-generated probe light. However, this would be incidental as there would be no smallest feature size and non-circulating and counter-circulating modes would be supported: the measured Chern number would sensitively-depend upon the fidelity of the DMD and would not be quantized. The present work explores a nearly-degenerate multimode resonator where the only modes in a band of near-degenerate states are precisely those comprising a Landau level, so the resonator does not support non-circulating or counter-circulating excitations (at the same energy). In fact, we need not assume anything about the mode structure of our resonator to perform the Chern number measurement: we can probe with a very tightly focused beam and find the frequency bands at which the resonator transmits. So long as the probe is spatially small enough (so that the phase profile mismatch between the probe field and cavity modes is irrelevant), it will excite chiral resonator modes from which the non-zero Chern number may be computed. In practice, making a very small probe size results in a small transmitted signal, but making the probe larger then only increases the signal if the phase profile of the probe matches the chiral modes of the cavity.
To investigate this, we excite the resonator at differ- As an injection point is displaced horizontally, this implies a phase gradient vertically which is proportional to the horizontal displacement. (b) We test the chirality of resonator modes by injecting light at various locations and tilts, with the total transmission taken as a measure for the overlap of the probing light with modes in the Landau level. The total transmission through the resonator is plotted as the radial displacement is increased with constant tangential phase gradient, ky. When transmission is plotted versus the ratio between the tangential phase gradient and the radial displacement (inset), a distinct peak at x0/ky = 2l 2 B is observed independent of the magnitude of the tangential phase gradient. The peaked structure of this plot indicates the chiral structure of modes supported by the resonator. Error bars represent the standard deviation of 10 identical runs of the experiment. (c) The same data may be re-sliced to observe transmission versus ky at constant x0, corresponding to cuts orthogonal to those taken in b. When the transmission is plotted versus the ratio ky/w0, we again observe a distinct peak at ky/x0 = 0.5l −2 B independent of the magnitude of the radial displacement. ent locations (x 0 , 0) with a constant rate of tangential phase increase, exp ik y y, and with a variable rate of tangential phase increase at constant location. We observe clear maxima near x 0 /k y = 2l 2 B (Fig. 8b, inset) and k y /x 0 = 0.5l (Fig. 8c) demonstrating that only modes with a particular chirality are supported. This is to say that the supported cavity modes are the TEM 00 mode be magnetically translated away from the cavity axis,
The spatial profile of the probe serves only to specify how strongly the chiral cavity modes are excited; it does not affect the measured Chern number. We have explicitly verified this insensitivity of the Chern number by operating at k y /x 0 = 0.75l −2 B , away from the peaks in Fig.  8b ,c. This reduces the signal in the heterodyne images; however, the Chern number remains quantized at C = 1.
Supplement F: LDOS radial profiles
In figure 9 , we show the angle-averaged LDOS for all three cones and all three Landau levels, superimposed. The large-radius asymptote is employed as the background density ρ 0 . We show how topological quantum numbers characterizing the quantum Hall effect can be measured from the density of states. We review the response of QH states in the lowest Landau level to magnetic and geometric singularities [14] , and generalize these results to higher Landau levels. For concreteness, we consider magnetic singularities as magnetic field configurations with a delta function source
where φ 0 = h/e is the flux quantum, and curvature singularities as geometries which have a point with a delta function curvature
The electromagnetic and geometric response of a QH state will influence both the total charge and orbital angular momentum (OAM) which accumulates at these defects. We will show how the charge and OAM are related to topological quantum numbers, and how they can be computed from the density of states.
Charge and OAM from Induced Action
The charge density and the spin density follow from the variational formula
where the induced action W [A, g] is a functional of the gauge potential A µ and the background metric g µν , A 0 is the time component of the gauge field (i.e. the scalar potential), and ω 0 is the time component of the spin connection. The induced action is given by [42, 43] 
This is a functional of the vector potential A i and the background metric g ij . The spin connection, ω i , is defined through ∇ × ω = R/2 where R is the Ricci curvature. The integrands use a compressed "form" notation Adω = µνρ A µ ∂ ν ω ρ d 2 x dt where is the absolutely antisymmetric tensor, and the indices µ, ν, and ρ cover both spatial dimensions and time.
Charge Density The charge density which follows from the the topological action is given by the well known result
where R is the scalar curvature. Integrated over a closed surface, this yields the relation between the total number of particle N and the total flux N φ through the surface (in units of the flux quantum ): N = νN φ + νsχ, where χ is the Euler characteristic of the surface. The second term on a sphere (χ = 2) defines the shift S = 2s. In the presence of a cone with a magnetic flux threading it, we can simply insert the singular fields (G1G2) into (G5) and integrate to find
where l 2 = /(eB) is the magnetic length, and ν/(2πl 2 ) is the value of the density far away from the cone tip.
OAM density The spin density corresponds to the extensive part (scaling as N ) of the orbital angular momentum (OAM) density, and is given by
Integrated over the surface this yields the Hall viscosity coeffiicent with a finite size correction [43] 
In the presence of a magnetic and geometric singularity, the induced action will have additional contributions due to the singularities. Simply plugging in the singular field configurations will make the action infinite. For this reason, we need another approach to access the OAM due to the singular defects. This approach combines the microscopic definition of the OAM with the conformal block construction of FQH states.
OAM from moments of density
The single-particle eigenstates of the non-interacting Hamiltonian
with the fields given by (G1)and (G2) are (in radial coordinates with magnetic length l = 1)
Here n = 0, 1, ... labels the Landau level (LL) index, k = sm + a, with m = 0, ±1, ±2, ...., and L k n (z) are the associated Laguerre polynomials. These wave functions are expressed in symmetric gauge to exploit the rotational symmetry of the Hamiltonian. For this reason, the orbital angular momentum commutes with the Hamiltonian and is a good quantum number. The microscopic definition of the OAM iŝ
where ij is the antisymmetric symbol, and r = r 2 x + r 2 y . The absolute value of the OAM in a singleparticle state Ψ (n) k which satisfiesLΨ
k can be expressed as a shifted second moment of the probability density
where the volume measure used here is dV = 2π λ rdr. This fact follows by explicit computation of the expectation value using the eigenstates (G10).
3. Many-particle states in the LLL and OAM of defects For an N -particle state (interacting or not) in the lowest LL, this formula generalizes in the obvious way
whereL tot = N i=1L i andL i acts only on the coordinate of the ith particle. This expression gives the total OAM of the many-particle state. From this, we have to assign an OAM due to the presence of the magnetic or geometric singularity at the origin. Here, we use an important property of QH states which states that density correlations are exponentially suppressed on scales of order magnetic length l B (which has been set to unity). This means that sufficiently far from the defect, the density will return to its mean value if the defect were not present. In the QH case, this is just ρ → ν 2π , where ν is the filling fraction. Thus, the OAM of the cone tip should be captured in the moment formula
In Ref. [14] , this was shown for Laughlin states to be equal to
where c = 1 ands = 1 2 ν −1 . Here, a(h/e) is the total flux threading the cone tip. The first term can be interpreted as the "spin" of the conical defect, while the second term (in the Laughlin case) can be interpreted as the spin of a quasihole with total charge −νa/s.
We intentionally write Eqn.(G17) in a form which suggests generalization to arbitrary FQH states. In fact, in [64, 65] , it was shown that the angular momentum due to a cone tip is a consequence of the gravitational anomaly occurring in the CFT construction of fractional QH wave functions [66, 67] . This connection is rather natural, since the gravitational anomaly controls the behavior of the wave function under scale transformations z → λz, while the angular momentum is read out by considering the special case λ = e iθ which corresponds to pure rotations.
Integer quantum Hall states in Higher Landau levels
The generalization of Eqn.(G16) to higher Landau levels is straightforward, but somewhat subtle on a conical singularity. We begin by stating the result, and proceed to unpack it in the following section.
The OAM of a magnetic and geometric singularity in the nth Landau level is given by the moment formula
where c n = 1 ands n = n + 1/2. Let the energy E = ω B M + 1 2 . For fixed M , there will be infinitely many states at n = M and k > 0. The density of states computed from just these eigenstates will approach a constant 1/2π away from the cone tip. This is what appears in the first integral in Eqn. (G18), and accounts for the subtraction by the asymptotic density.
For s = 1 and a = 0, in addition to these positive k states, there will be M additional states with negative k < 0 which are degenerate with the n = M states. These appear in the second integral in Eqn. (G19). They will be labeled by different n indices, although they belong to the same LL.
As a consequence of the kinetics on a conical singularity, the moment formula which computes the topological contribution to the OAM of a defect will in principle involve non-degenerate states. For non-integer s, these are midgap states which exist between degenerate LLs. However, for integer s, they become degenerate with a higher LL than they started with. So for instance the state with (n, m) = (0, −1) will have M = n + s according to (G12).
Nevertheless, this mixing is easily accounted for, and we can ultimately write a formula for the shifted second moment of the density of strictly degenerate states at energy E = ω B (n + 
The last term accounts for the accidental degeneracy due to an itinerant level.
Fixing Experimental Parameters Here we set s = 3, and consider the appropriate form of the sum rule for a ∈ {0, 1, 2}.
For a = 0 and s = 1 the quantum numbers (n, m) which label a state at a given energy E ∼ M are 
For example, the lowest Landau level will consist of states with n = 0 and m = a + 3p, for p = 0, 1, ...,. Furthermore, we can see from this graphic that for a = 0, the state with (0, −1) becomes degenerate with the fourth LL. Evaluating the moment formula Eqn. (G21) gives us the first few moments relevant for the experiment 
Extractings From Density Distribution
From the form of the previous equations, it is clear that the only piece of ∆M 2 that depends linearly on a takes the form (s n − n)a. To take advantage of this in order to make an independent measurement of the mean orbital spin, we define 2 (a) and observe a equal slopes within each Landau level. We thus measures n − n = {0.496(4), 0.504(3), 0.505(68)} for n = {0, 1, 2}.
Supplement H: Connection of δN tos
Finally, we return to the charge on a cone tip in a higher Landau level. Using similar arguments as above to account for mid-gap states jumping between Landau levels and resulting in accidental degeneracies, we have that in terms of the density of degenerate states ρ n at energy E = ω B (n + 
The Kronecker delta functions account for the accidental degeneracies that may arise upon tuning the flux.
